Some remarks on the group of derived autoequivalences by Rosay, Fabrice
ar
X
iv
:0
90
7.
38
80
v1
  [
ma
th.
AG
]  
22
 Ju
l 2
00
9
SOME REMARKS ON THE GROUP OF DERIVED
AUTOEQUIVALENCES
ROSAY FABRICE
Abstract. We prove that the neutral component of the group of derived
autoequivalences of a smooth projective variety is the semi-direct product of
the neutral component of its Picard group and its group of automorphisms. We
use this result to prove several results concerning pairs of derived equivalent
varieties.
1. Introduction
After the seminal work of Mukai, Orlov, Kawamata and many other people after
them, it is now clear that for two algebraic varieties having equivalent derived
categories is a very interesting relation. We know that when it is the case, the two
algebraic varieties share many geometric properties, like their dimension, the order
of their canonical sheaf, their canonical ring, to name a few. It is clear that the
study of this relation is closely related to the study of the group of (tringulated)
autoequivalences of the derived category of a variety. Thanks to the work of Toe¨n
and Vaquie´ [17], this group is in a natural way an algebraic group scheme. In this
paper we precise the structure of this group. More accurately we determine its
neutral component. We can sum up everything in the following statement:
Theorem 1.1 (see theorem 2.12). Let k be an algebraicaly closed field and X
a smooth and projective k-scheme. Let D(X) be the bounded derived category of
coherent sheaves on X. Then the neutral component of the group of triangulated
autoequivalence of D(X) is Aut◦ ⋉ Pic◦(X). (Where the notation G◦ stands for
the neutral component of the group G)
The paper is organised as follows, in section 2 we recall some basic definition
about autoequivalences of derived categories and use this to explain a new con-
struction of the group AutD of triangulated autoequivalences. Then we prove the
main theorem.
In section 3 we give several applications of the theorem 2.12, with a particular em-
phaze to the case of abelian varieties.We close this section with a reformulation of a
conjecture of Kawamata on the cardinality of classes of derived equivalent algebraic
variety.
2. The algebraic group of derived autoequivalences
Throughout this section we fix an algebraically closed field k and a smooth pro-
jective variety X over k. We denote by D(X) the bounded derived category of
coherent sheaves on X . Our aim is to explain how to associate to X a locally
algebraic group scheme AutDX whose points are naturally identified with exact
autoequivalences of D(X). This was first done by Toe¨n and Vaquie´ in [17] in the
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context of DG-categories. Our construction is different but leads to the same alge-
braic group. Our new result is theorem 2.12 wich describes the neutral component
of this group. Applications are discussed in section 3
2.1. A quick review of integral transform. Let S be a k-scheme and X → S
and Y → S be two smooth and projective S-schemes.
Definition 2.1. To any object F · ∈ D(X ×S Y ) we associate a functor, called an
integral transform, by the formula:
(2.1)
φF
·
X→Y : D(X) → D(Y )
F 7→ RpY ∗(F · ⊗L p∗X(F ))
When this functor is an equivalence we call it a Fourier-Mukai transform. The
composite of two integral functors is again an integral functor. More precisely let
Z be a smooth and projective S-scheme and G· ∈ D(Y ×S Z). Let pX,Y (resp pY,Z,
pX,Z) the projection of X×S Y ×S Z on X×S Y (resp Y ×S Z, X×S Z). We define
(2.2) G· ∗ F · = RpX,Z∗(p
∗
X,Y (F
·)⊗L p∗Y,Z(G
·))
Lemma 2.2. The composite φG
·
◦ φF
·
is an integral transform. Its kernel is given
by the following formula:
(2.1) φG
·
Y→Z ◦ φ
F
·
X→Y ≃ φ
G
·
∗F
·
X→Z
This is well known (e.g. see [5]).
An integral functor always have a right adjoint.
Lemma 2.3. With notation as above the integral functor with kernel F · has a right
adjoint, the integral transform with kernel
F ·−1 = RHom·(F ·,OX×SY )⊗
L LpX
∗(ωX/S [n])
where ωX/S stands for the relative canonical sheaf of X over S.
Finally we recall that an integral transform commutes with a base change
Let h : T → S a morphisme of schemes. With evident notations we have the
commutative diagramme:
(2.1) XT ×T YT
pYT
%%
JJ
JJ
JJ
JJ
JJ
pXT
yyss
ss
ss
ss
ss
hX×SY

XT
hX

YT
hY

X ×S Y
pY
%%
KK
KK
KK
KK
KK
pX
yyss
ss
ss
ss
ss
X Y
Let F ·T = Lh
∗
X×SY
(F ·).
Lemma 2.4. The functors Lh∗Y ◦ φF · and φF ·T ◦ Lh
∗
X are isomorphic
The proof is a straightforward computation using projection and base change
formulae.
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2.2. The algebraic group of derived autoequivalences. We now construct a
presheaf on the site Aff/k of affine k-schemes:
(2.1)
Aff/k → Ens
A 7→ {perfect complexes F · ∈ Dqc(X ×X ×A)|F · ∗ F ·−1 = F ·−1 ∗ F · = O∆}
Let’s recall that a perfect complex on a scheme X is one locally isomorphic (in
the derived category) to a bounded complex of locally free sheaves of finite rank
and that as usual O∆ stands for the structure sheaf of the diagonal embeding
X →֒ X ×X .
Theorem 2.5. The sheaf AutD associated to the presheaf above (for the etale
topology) is an algebraic space locally of finite presentation. Moreover we can endow
it with the composition law ∗ of 2.2, making it into a group object in the category
of algebraic spaces over k, hence a locally algebraic group scheme.
We don’t give a proof of this theorem here, instead we just explain the (simple)
idea of the proof. The reader interested in a proof can consult either my thesis [14],
or the paper [17] where this result is proven (in a quite different context). Before
we go on we need a last result due to Inaba, Liebliech and Toe¨n and Vaquie´(see [9],
[11], [17]). Let F · be a perfect complex in Dqc(X × S). For any point closed point
s of S we denote by is the closed immersion s →֒ S and Xs the fiber.
Definition 2.6. We say that F · is simple iff for any closed point s of S the complex
Li∗s(F
·) is simple, that is:
Hom(Li∗s(F
·), Li∗s(F
·)) = k
We say that F · is universally gluable (rigid in the terminology of [17]) iff:
Rhom·(Li∗s(F
·), Li∗s(F
·)) is concentrated in degrees greater or equal to 0
Theorem 2.7. ([9],[11], [17]) The etale sheaf associated to the presheaf of perfect,
simple, universally gluable complexes is an algebraic space locally of finite presen-
tation. We denote it PerfX
Proof. (Idea of the proof of theorem 2.5) Let F · ∈ Dqc(X ×X) a perfect complex
such that F · ∗ F ·−1 = F ·−1 ∗ F · = O∆. Then keeping in mind that the integral
transform associated to O∆ is the identity it follows that φF
·
is an equivalence.
The same argument works if we base change to X as in the lemma 2.4. Then a
direct computation gives:
φF
·
X (O∆) = F
·
So that
Homi(F ·,F ·) = Homi(O∆,O∆).
The right member of this last equation is 0 for i < 0 and k for i = 0. So that we
have morphism j : AutDX → PerfX×X , induced by an obvious monomorphism at
the level of the presheaves defining these two sheaves. As sheafification is left exact
it follows that the morphism j is a monomorphism. The idea of the proof is then
to show that it is formaly smooth. It implies that j is an open immersion, thus
proving the representability of AutD(X). To end the proof we appeal to a result
of Artin to the effect that a group object in the category of algebraic spaces over a
field is a group scheme ([1], lemma 4.2). 
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Remark 2.8. • By a result of Orlov [13], it is straight forward to check that
the k-points of AutDX are in one to one correspondence with the exact
equivalence of D(X).
• By a deep result in [17], this algebraic group has countably many connected
components, we will come back on this latter.
We now come to our main result.
2.3. The neutral component of AutDX . Let Aut be the group scheme of k-
automorphisms of X and Pic the Picard scheme of X . Let S → k be an affine
scheme. Let’s consider an invertbile sheaf L on XS and an S-automorphism f of
XS. To this data we asscociate a sheaf F · = ΨS(f,L) on X×X×S in the following
maner. Identifying X ×X × S with the scheme XS ×S XS , we denote by Γf the
section of XS ×S XS
p1
→ XS induced by f−1, we then define
(2.1) F · = ΨS(f,L) = Γf∗(L)
It’s clear that F · is perfect (X is smooth). A straightforward computation then
shows that the integral transform associated to φF
·
is nothing but Rf−1∗ (L ⊗
L ())
which is an equivalence.
If (f1,L1) and (f2,L2) are as above, the integral transform associated with ΨS(f1,L1)∗
ΨS(f2,L2) is Rf
−1
2∗ (Rf
−1
1∗ (L1)⊗
L L2); by the projection formula we thus have
(2.2) ΨS(f1,L1) ∗ΨS(f2,L2) = ΨS(f1 ◦ f2,L1 ⊗ f
−1∗
1 (L2))
So that ΨS induce a group morphisme between the semi-direct product of the
picard group by the group of S-automorphisms (the former acting on the first by
f 7→ f−1∗) on the one side, and the group of invertible integral transform on the
other side. As ΨS is injective we can sum up everything in the
Proposition 2.9. The group morphisms ΨS induce a sheaf monomorphism
(2.1) Ψ : Aut⋉ Pic→ AutD
which is a group morphism.
Proposition 2.10. The morphism Ψ is open.
Proof. As Ψ is a monomorphism between schemes of finite type over a field, it’s
enough to check that Ψ is formally smooth.
So that we have to prove that if
• A is a local artinian ring with maximal ideal m
• A′ → A is an infinitesimal extension, i.e the kernel I is a square zero
principal ideal
• (f,L) ∈ Aut⋉ Pic(A) and F · ∈ AutD(A′) are such that F ·⊗LA′A = Ψ(f,L)
then there exist (f ′,L′) ∈ Aut⋉ Pic(A′) such that F · = Ψ(f ′,L′).
Its clear that Ψ(f,L) is a sheaf flat over A. Let ZA s be its support. Lemma
2.11 implies that F · is in fact a sheaf flat over A′. Let ZA′ be the support of F ·.
The projection p1 : XA′ ×A′ XA′ → XA′ induce a morphism ZA′ → XA′ whose
reduction to A is p1 : ZA → XA. Hence p1 : ZA′ → XA′ is also an isomorphism.
on its support F is a deformation of L which is locally free of rank 1. As F is flat
over A′, it follows that F restricted to its support is also free of rank 1. To sum up
there exist a morphism f ′ and an invertible sheaf L′ such that F · = Ψ(f ′,L′) with
the slight abuse that we don’t know yet that f ′ is an automorphism. But it’s clear
as f ′ lifts f . 
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Lemma 2.11. ([3],lemma 4.3) Let π : S → T be a morphism of schemes, and for
each point t ∈ T , let it : St → S denote the inclusion of the fibre π−1(t). Let F · be
an object of D(S), such that for all t ∈ T , Li∗t (F
·) is a sheaf on St. Then F · is a
sheaf on S, flat over T .
As a corollary we get the following theorem summing up all the previous discus-
sion
Theorem 2.12. There is an exact sequence of locally algebraic group
0→ Aut◦ ⋉ Pic◦ → AutD → G→ 0.
The group G has at most countably many elements. The neutral component of
AutD is Aut◦ ⋉ Pic◦.
Remark 2.13. The existence of AutD and the fact that there are countably con-
nected components in it are already proven in [17].
Proof. As Aut⋉ Pic is an open subgroup of AutD, they have the same neutral
component, and it’s clear that the neutral component of Aut⋉ Pic is Aut◦ ⋉ Pic◦.
At this point the only non trivial point remaining is the countability assertion which
results from [17, corollaries 3.31 and 3.32]). 
In the next section we give several applications of the theorem 2.12
3. applications
3.1. The group Aut◦ ⋉ Pic◦ is a derived invariant.
Theorem 3.1. Let X and Y be two smooth projective varieties over an alge-
braically closed field k. Suppose we have an equivalence of triangulated categories :
Db(Coh(X))
φ
≃ Db(Coh(Y )). Then
Aut◦X ⋉ Pic
◦
X ≃ Aut
◦
Y ⋉ Pic
◦
Y
Proof. From [13, theorem 2.2] it follows that the equivalence is given by a Fourier-
Mukai transform. Let F · be its kernel and G· the kernel of the inverse transform.
One then defines a morphism AutDX → Aut
D
Y by sending C· ∈ Aut
D
X(S) to
G· ∗ C· ∗ F ·. It’s clear that this morphism is an isomorphism. So that AutDX ≃
AutDY , in particular their neutral component are isomorphic. Now use the fact
from theorem 2.12 that the neutral components respectively are Aut◦X ⋉ Pic
◦
X and
Aut◦Y ⋉ Pic
◦
Y . 
This fact was already announced by Rouquier in [15], where the author does not
give a proof. In the same paper the following theorem is conjectured.
Theorem 3.2. Let A be an abelian variety over k an algebraically closed field
of characteristic 0. Suppose we have an equivalence of triangulated categories
Db(Coh(X))
φ
≃ Db(Coh(A)), Then X is also an abelian variety.
This theorem has been already proved in [8], we give a new proof using theorem
3.1. Actually our proof shows directly that X is an abelian subvariety of A× Aˆ. It
is interesting to compare with [12].
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Proof. From theorem 3.1, Aut◦X ⋉ Pic
◦
X ≃ Aut
◦
A ⋉ Pic
◦
A. It follows that Aut
◦
X
and Pic◦X are abelian varieties. The order of the canonical sheaf and the di-
mension are derived invariants (see e.g. [4, lemme 2.1]). So ωX is trivial and if
n = dimX = dimA, then dim(Aut◦X ⋉ Pic
◦) = 2n. It is known that the tangent
space of Aut◦X is H
0(X,TX) and the tangent space of Pic
◦
X is H
1(X,OX). As
ωX is trivial an easy computation using the symetry of Hodge numbers (Here we
use the hypothesis that the characteristic of k is 0 ) and Serre duality shows that
dim H1(X,OX) = dim H0(X,TX). As Aut
◦
X and Pic
◦
X are smooth, it follows that
dimAut◦X = dimPic
◦
X = n. Let x be a point of X . From lemma 3.3, the stabilizer
of x under the action Aut◦X is finite. Hence the orbit of x is the whole X . To
conclude we use the well known fact that the quotient of an abelian variety A by a
finite subgroup of A is again an abelian variety. 
Lemma 3.3. Let X be a scheme and G an algebraic subgroup of Aut(X) which
acts on X fixing a point x. Then G is affine. In particular if G is complete then G
is finite.
Proof. We have a dual action ofG onOx and so on the k-vectorial spaceOx/mn+1x :=
Vn (Ox is the local ring at x and mx, is the maximal ideal of this ring.). Let
Gn := ker(G → GL(Vn)). We have · · · ⊂ Gn ⊂ Gn−1 ⊂ · · · ⊂ G0 = G. More over
if g ∈
⋂
nGn then g is the identity on Ox because Ox is separated,
⋂
nmn+1 = 0.
Hence
⋂
Gn = 1. Now G being algebraic this sequence is stationnary, hence there
exist n0 such that Gn0 = 1 and G is a closed subgroup of GL(Ox/m
n0+1
x ). 
3.2. Derived equivalence classes of algebraic varieties. Let’s say that two
smooth projective varieties X and Y over a field k are derived equivalent if there
exist an equivalence of triangulated categories Db(X) ≃ Db(Y ). In [10] Kawamata
conjecture the following:
Conjecture 3.4 (conjecture 1.5, [10]). There are up to isomorphism finitely many
smooth projective varieties derived equivalent to a given one.
It has been proven in [2] that there are at most countably many derived equiv-
alence classes when k = C. We give here a new proof of a slighly better result,
namely the only assumption on the field is that it is algebraically closed.
Theorem 3.5. Let X be a smooth projective variety over a field k algebraically
closed. Then there are at most countably many (up to isomorphism) smooth pro-
jective varieties derived equivalent to X
Before we proceed to the proof we need a lemma due to Favero in [7]. Suppose we
have X and Y derived equivalent. Fix an equivalence F : Db(X) → Db(Y ). Then
has we have seen in the proof of 3.1, F induces an isomorphism F ∗ : AutDY →
AutDX , G 7→ F−1 ◦G ◦ F .
Lemma 3.6 (lemma 4.1 [7]). Let X and Y be a smooth projective varieties. Let A
be an ample line bundle on Y , τ ∈ Aut(X), and L ∈ Pic X and suppose we have an
equivalence F : Db(X) ≃ Db(Y ) and F ∗((•⊗A)) = (τ,L)[r] for some r ∈ Z. Then
F ∼= (γ,N )[s] for some line bundle N ∈ Pic(Y ) , an isomorphism γ : X−˜→Y , and
s ∈ Z.
Combining the above lemma with theorem 2.12 we get:
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Lemma 3.7. Let X, Y and Z be smooth projective varieties. Let AY and AZ be
ample line bundle on Y and Z respectively. Let CAY (resp CAZ ) be the connected
component of AutDY (resp (Aut
D
Z) that contains (() • ⊗AY ) (resp (() • ⊗AY )).
Let G : Db(X) ≃ Db(Y ) and H : Db(X) ≃ Db(Z) be derived equivalence. Finally
suppose
G∗(CAY ) = H
∗(CAZ ).
Then Y and Z are isomorphic.
Proof. The hypothesis imply that F = H ◦G−1 : Db(Y )→ Db(Z) is an equivalence
and that F ∗(CAZ ) = CAY . Now theorem 2.12 implies that any element in CAY is
a (σ,L), for some automorphism σ of Y and some line bundle L on Y . Applying
lemma 3.6 the conclusion follows. 
Corollary 3.8. The number of smooth projective varieties derived equivalent to X
is bounded by the number of connected components of AutDX .
Corollary 3.9. Theorem 3.5 holds true.
Proof. By theorem 2.12, there are countably many connected components in AutDX .

3.3. A new conjecture. Using the previous discussion and a new ingredient we
introduce a new conjecture, we prove equivalent to conjecture 3.4. We begin with
some notations. Let (Xi)i∈N be the set of varieties derived equivalent to X . Let
Ai be an ample line bundle on Xi and Fi : Db(X) → Db(Xi) be a triangulated
equivalence. Let K·i ∈ D
b(X × X) be the kernel of the Fourier-Mukai transform
F ∗i (()⊗Ai). Let L be a very ample line bundle on X ×X . Finally let d ∈ N such
that L⊕L−1 ⊕ . . .⊕L−d is a strong generator of Dbqc(X ×X), recall from [6] that
such a d exist. Then conjecture 3.4 is equivalent to the following
Conjecture 3.10. We can choose the Ai and the Fi such that there exist a function
ν : Z→ N with finite support such that
(3.1) dimHj(X,K·i ⊗ L
l) ≤ ν(j) ∀j, ∀l ∈ [0, d], ∀i
Proof. It’s clear that assuming 3.4, conjecture 3.10 holds. Only the converse needs
a proof. So now assume 3.10 holds. Then from lemma 3.7 it’s enough to prove that
there are only finitely many elements in {CAi}, the set of connected components
of AutDX containing the F
∗
i (()⊗Ai). Now the condition (3.1) in conjonction with
proposition 3.11 implies
the family Ki is bounded hence quasi-compact. 
Proposition 3.11 (corollary 3.32 in [17]). Let k be a field and X be a smooth and
projective variety over k. Let O(1) be a very ample line bundle on X. Then, there
exists an integer d, such that the following condition is satisfied:
A family of perfect complexes {Ei}i∈I on X is bounded if and only if there exists
a function ν : Z −→ N with finite support, such that
DimkH
k(X,Ei(j)) ≤ ν(k) ∀k ∀j ∈ [0, d] ∀i ∈ I.
Remark 3.12. • Any integer d such that
⊕d
i=0O(−i) is a compact genera-
tor is good for proposition 3.11.
• It follows from [16] that one can choose d ≤ 2dimX .
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